IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 12, DECEMBER 2003

2297

Negative Refraction, Growing Evanescent Waves,
and Sub-Diffraction Imaging in Loaded
Transmission-Line Metamaterials

Anthony Grbic, Sudent Member, IEEE, and George V. Eleftheriades, Senior Member, IEEE

Abstract—We present an analytical formulation that shows
the negative refraction of propagating waves and the growth
of evanescent waves within a negative refractive index (NRI)
lens made of a periodically L, C loaded transmission-line (TL)
network, referred to as the dual-TL structure. A transformation
known as the “array scanning method” is then employed to
analytically demonstrate the sub-diffraction imaging capability
of adual-TL lens. In essence, the two-dimensional (2-D) periodic
Green’'s functions corresponding to the voltages and currents
excited by a vertical elementary current source are derived. The
developed theory is utilized to plot the 2-D voltage magnitude
distribution for the case of focusing an elementary current source.
The analysis reveals that a resolution limit is imposed by the
periodicity of the NRI medium used. Moreover, the periodicity of
the NRI medium bounds the amplitude of the growing evanescent
wavesin arealizable NRI lensand preventsthem from growing to
unphysically large values.

Index Terms—Left-handed media, metamaterials, negative
refractive index (NRI), periodic structures, printed circuits,
sub-diffraction imaging, transmission lines (TLs).

I. INTRODUCTION

N THE 1960s, Veselago theoretically investigated the elec-

trodynamics of substances possessing negative permittivity
(¢) and permesbility (z+) [1]. Among other things, Veselago
showed that a planar slab of material with ¢ < 0, 1 < 0 pos-
sesses a hegative refractive index (NRI) and acts as an unusual
lens that focuses rays of light emanating from a source to
an image on the opposite side of the dab. Pendry’s more
recent prediction that such slabs act as “perfect lenses’ rekin-
dled interest in materials with negative material parameters
(e, 1¢) [2]. Pendry revealed that the flat lens described by Vese-
lago focuses al the Fourier components emanating from a
source including the evanescent waves. As aresult, these “ per-
fect lenses” achieve sub-diffraction focusing. Pendry’ s analysis
was stimulated by the implementation of an NRI metamaterial
[3]. The initid NRI metamaterial employed metallic wires
to achieve negative permittivity and split-ring resonators to
achieve negative permeability. It was used to demonstrate a
“left handed” (backward-wave propagation) band and to ex-
perimentaly verify negative refraction.
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Fig. 1. TL unit cells.

Last year, the periodic two-dimensiona (2-D) L, C loaded
transmission-line (TL) network depicted in Fig. 1(a) was also
shown to act as an isotropic “left handed” or NRI medium
[4]-{6]. This distributed network was termed a dual TL due to
its high-pass configuration, as opposed to the low-pass repre-
sentation of a conventional TL. One-dimensional dual TLs that
have been known for some time [7] were revived in [8]-{10]
and directly related to NRI materials. Focusing within a 2-D
microstrip-based dual-TL structure was experimentally demon-
strated at microwave frequencies and a coplanar waveguide
(CPW) implementation was also used to experimentally verify
lesky backward-wave radiation from its fundamental spatial
harmonic [5], [11], [12]. Additionally, smulation results have
been reported showing negative refraction at the interface of a
TL mesh medium [shown in Fig. 1(b)] acting as the positive
refractive index (PRI) medium, and a dual-TL structure [4],
[13]. Growing evanescent waves within a dual-TL structure
have been recently demonstrated in [14]. A Bloch formulation
has al so been devel oped in [13] to determine the 2-D dispersion
characteristics of the dual-TL structure.

Alternatively, anisotropic structures that achieve sub-wave-
length focusing have been experimentally investigated in [15]
and similar concepts theoretically shown in [16]. In these
structures, however, the source and focus are embedded in
complementary anisotropic metamaterials, therefore, this type
of focusing cannot be extended to free space.
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Fig. 2. Veselago'sflat lens.

In this paper, we present an exact analytical formulation that
confirms the negative refraction of propagating (homogeneous)
waves and the growth of evanescent (inhomogeneous) waves
within a planar isotropic NRI lens made of adual-TL structure.
These results are then combined with the “array scanning
method” of [17], [18] to analytically show sub-diffraction
imaging by a dua-TL lens from one isotropic medium to
another. To show sub-diffraction imaging, the 2-D periodic
Green's functions corresponding to the voltages and currents
excited by a vertical elementary current source in the entire
TL structure is derived. The analysis predicts that a resolution
limit is imposed by the periodicity of the NRI and PRI media
used. This resolution limit is not revealed by the analysis of
continuous NRI lenses in [11] and [19]-{21]. The developed
theory is utilized to plot the 2-D voltage magnitude distribution
for the case of focusing an elementary current source. These
plots reved that the three-region lens examined in this paper
is quite distinct from the experimental lenses reported in [5],
[22], which utilized a single interface between an NRI medium
and a PRI medium (two-region lenses). The two-region lens
arrangement did not permit the proper growth of evanescent
waves necessary to clearly achieve sub-diffraction imaging.
Finally, it is shown that the periodicity of the NRI medium
bounds the amplitude of the growing evanescent waves in a
practical NRI lens of finite thickness and prevents them from
growing to unphysically large values.

Il. “PERFECT” LENS AND ITS TL IMPLEMENTATION

Veselago' s flat lens made of a slab of NRI material is shown
in Fig. 2. Theimaging of a monochromatic source within aPRI
medium is depicted. The rays indicate the negative refraction
of the propagating waves as described by Veselago. They sug-
gest that two foci exist. There is an internal focus (z = 2d;)
within the lens and an external focus (z = 2d; — 2d;) be-
yond the second interface of thelens. In addition to focusing the
propagating Fourier components, Pendry pointed out that the
evanescent Fourier components decaying from the source are
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also restored at the external focal plane. The evanescent compo-
nentsgrow withinthe NRI lens, thus canceling the decay experi-
enced in the positive refractive media on either side of the lens.
Due to these growing evanescent waves, the field amplitudes
are highest at the second interface of the lens[14]. The “perfect
focusing” predicted by Pendry, however, only occurs when cer-
tain criteria are met. The lens must be lossless and its relative
refractive index must be — 1 with respect to the two surrounding
PRI half-spaces to eliminate aberrations, and the lens must be
impedance matched to each half-space to eliminate reflections.

Both the PRI and NRI media considered in this paper are
TL-based periodic structures. The PRI medium is the 2-D
network of TLs shown in Fig. 1(b), which will be referred
to as a TL mesh. The NRI medium is the dua-TL structure
depicted in Fig. 1(a). Both the TL mesh and dual-TL structure
are operated at frequencies of homogeneous and isotropic
propagation and, therefore, can be justifiably called effective
media. At these frequencies, the dual-TL structure exhibits
backward-wave propagation characteristics and the TL mesh
forward-wave propagation characteristics, aswould an NRI and
PRI medium, respectively [13]. The propagation characteristics
of thetwo mediaarebest described by their respectivedispersion
relations and Bloch impedance expressions, which have been
derived in [13]. The dispersion relation for the TL mesh is
given by the following expression [13]:

sin? <%> +Sin2<k;d> = 2sin? <%) (@

where k,, and k. are the wavenumbers in the z- and z-direc-
tions, respectively, d is the unit cell dimension, and 3 is the
propagation constant of the interconnecting TL sections. The
wavenumber k, and k. are simply the « and » components of
the intrinsic wavenumber k,, of the medium

k. = Ey cos(9) @

where ¢ is angle between I}}, and the z-axis. The Bloch imped-
ances in the z- and z-directions for the TL mesh are [13]

8d 8d
tan 7 tan 7
Ly = Llog————2— 4 Ly————

= e <kxd> T <kzd>
tan | — tan
2 2

where w is the radia frequency and Z, is the characteristic
impedance of the interconnecting TL sections. The dispersion
relation for the dual-TL structure shown in Fig. 1(a) can also be
derived using Bloch analysis [13]. It is given by the following
expression:

sin? <%> + sin? <k"7d>
1 94 Bd 1 Bd
= 5 |: sm<?> — ZOwO COS<?>:|
X [2Sin<%> — 251 COS<%):| 4

where L is the shunt loading inductance and C is the series
loading capacitance of thedual-TL structure, showninFig. 1(a).

by = kpsin(g)

©)




GRBIC AND ELEFTHERIADES: NEGATIVE REFRACTION, GROWING EVANESCENT WAVES, AND SUB-DIFFRACTION IMAGING

2299

TABLE |
ELECTRICAL PARAMETERS FOR THE TL MESH AND DUAL TL STRUCTURE AT 1 GHz

kpd = —knd | Zoplke = 0) = Zen(k: =0) | Z,

| g | L | ¢

0.3491 rad ] 50.000 02

| 7125730 © | 0.246200 rad | 1145777 nH | 4513061 pF

The wavenumbers k.. and k. once again can be expressed in
terms of the intrinsic wavenumber of the medium k,,

k. =k, cos(¢p) ki = k,sin(p) (5)

where ¢ is angle between k,, and the z-axis. The Bloch imped-
ances in the z- and z-directions for the dual-TL structure are
given by the following expressions:

Bd 1
Zo tan( 2 ] 20wC
oo (Fed
an B
Bd 1
Zotan [ =) - —
° tm( 2 )7 2wC

(%)
tan
2

In order to implement Pendry’s perfect lens using the TL
mesh and dual-TL structure, a few requirements must be met.
Both structures must behave as effective media with homoge-
neous and nearly isotropic propagation characteristics. Itisclear
from the dispersion relations (1) and (4) that such propagation
characteristicsexistwhen k,.d <« 1,k.d < 1,and 5d < 1. An-
other requirement is that the relative refractive index between
the TL mesh and dual-TL structure must be —1. This can be
achieved by making the intrinsic wave vectors Ep in the TL
mesh and %, in the dual-TL structure equal in magnitude, but
antiparallel for all directions of power flow. Lastly, the Bloch
impedances of the TL mesh and the dual-TL structure must be
equal for all anglesof incidencein order to eliminatereflections.
Tablel liststhe electrical parameters of aTL mesh and dual-TL
structure that exhibit homogeneous and nearly isotropic prop-
agation characteristics. They are impedance matched and have
arelative refractive index of —1 with respect to each other at
afrequency of 1 GHz. For simplicity, the same TL parameters
(Z, and Bd) are utilized in both structures. The TL mesh and
dual-TL structure differ only in terms of the shunt L and series
C loading parameters.

Fig. 3 shows the magnitude of the wavenumbers (%, and %,,)
for al directions of propagation at 1 GHz in the TL mesh and
dual-TL structure defined in Table . It is evident from the plot
that the magnitude of the refractive index is the same for both
structures sincethetwo curvesoverlap. Thestructuresare nearly
isotropic since the plots appear circular, indicating that the mag-
nitudes of %, and k, change very little with the direction of
propagation ¢. In fact, the maximum change in wavenumber
with respect to ¢ for both structuresis0.26%. It isalso important
to note that, for any direction of power flow, the wave vectors
in the two media are antiparallel. The z-directed Bloch imped-
ances (Z.,, Z.,) have been plotted in Fig. 4(a) as afunction of
propagation direction ¢. Due to the symmetry of the unit cells,

Za:n =

Do = (6)

0.4

0.3

kpd (TL mesh)
n

o Kk d(dual TL structure)

-0.2 0 0.2 0.4
kzd (radians)

Fig. 3. Wavenumber as afunction of incident angle.

the Bloch impedances are plotted only for ¢ = 0° to 90°. The
impedances asymptotically approach infinity at 90° since the
z-directed current is zero for aplane wave propagating along the
x-axis. The z-directed Bloch impedances (Z.,.,, Z..,,) for both
mediaareshownin Fig. 4(b). In this case, theimpedance asymp-
totically approaches infinity for ¢ = 0 since the x-directed cur-
rent is zero for plane-wave propagation along the z-axis. Most
importantly, Figs. 4(a) and (b) show that in addition to having
refractiveindexesthat are equal and opposite, thetwo mediaare
matched for all angles of propagation. In effect, we have shown
that the TL mesh and dual-TL structure are suitable PRI and NRI
mediafor realizing Pendry’ s“ perfect lens.” Theflat lens system
depicted in Fig. 2 could, therefore, be implemented using these
two periodic structures.

1. PLANE-WAVE REFLECTION AND REFRACTION

In this section, plane-wave incidence on an NRI lensisinves-
tigated specifically for TL metamaterials. TheNRI lensof Fig. 2
isa2-D dua-TL structure and the surrounding PRI medium is
a TL mesh, as shown in Fig. 5. The incident plane wave is a
voltage/current wave incident from the TL mesh. A plane-wave
excitation is achieved using an infinite array of current sources,
as shown in Fig. 5. Voltage solutions are derived for the dis-
tributed network shown in Fig. 5 for different plane-wave ex-
citations to demonstrate negative refraction and the growth of
evanescent waves. In addition, these results are utilized in the
following section to derive the Green's functions of the lens
systemin Fig. 5: thevoltage and current solutionsdueto asingle
current source.

Thedual-TL lensdepicted in Fig. 5isfiniteinthe z-direction
and infinite in the z-direction. The PRI media on either side of
the lens are semi-infinite TL meshes. For clarity, the 2-D space
isdividedinto four regions. Region A extendsfrom —oco<z < 0
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Fig. 4. Bloch impedance as afunction of incident angle (¢).

andregion B extendsfrom0 < » < hd, whereh isapositivein-
teger. Regions A and B are composed of the same TL mesh. For
both regions, the z- and z-directed Bloch impedances will be
referred to as 7., and Z.,, respectively. The wave vector will
be labeled Ea and the z- and z-directed wavenumbers k.., and
k., respectively. Region C encompasses the NRI lens made of
the dual-TL structure. It extends from hd < z < Id, where {
is also a positive integer. Similarly, the Bloch impedances for
thisregion arelabeled Z,.. and Z...., the wave vector Ec, and the
wavenumbers k.. and k... The TL mesh on the opposite side
of thelens (Id < 2 < oo) will be referred to as region D. Fol-
lowing the same convention, the Bloch impedances for region
D are Z,, and Z.,, the wave vector Ed, and the wavenumbers
k.q and k4. The Bloch impedancesinregions A, B, and D are
given by the Bloch impedance expressions for a TL mesh (3)
and the Bloch impedances in region C are given by the Bloch
impedance expressions for a dual-TL structure (6). Similarly,
the wavenumbers in regions A, B, and D are given by (1) and
those in region C are given by (4).

An infinite array of y-directed current sources is placed
along the z-axisto provide a plane-wave excitation. The current
sources have equal amplitude I, and possess a progressive
phase shift of —£. In general, a current source at coordinate
(z,z) = (rd, 0) has acorresponding phase shift of —r¢, where
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Fig. 5. Veselago'sflat lens system using TL metamaterials.

7 is an integer. The infinite array of current sources in fact
excites two plane waves in the homogeneous, nearly isotropic
TL mesh. One plane wave in region A and one plane wave in
region B, both propagating away from the current source array.
The plane wave in region B has a propagation direction ¢,
given by the following expression familiar from antenna array

analysis:
$o =sin ! <%> (7

Thedirection of propagation for theplanewave excitedinregion
Aism — ¢,. The boundary between regions B and C will be
referred to as the first interface. The first interface is located at
adistance = = hd (h = 2 in Fig. 5), which corresponds to
the distance » = d; in Fig. 2. Likewise, the boundary between
regions C and D will be referred to as the second interface. Itis
located at adistance » = Id (I = 6 in Fig. 5) and corresponds
to 2 = d» in Fig. 2. The progressive phase shift between the
current sources dictates that k..d = k.cd = kpqd = £ inthe
four regions of interest. Given the current array excitation, the
voltageat apoint (z, z) = (md, nd) (wherem and n areinteger
values) can be represented as a sum of an incident and reflected
voltage plane waves within each region. The voltage solution
takes on the following form if atime harmonic variation of the
form e/«* is assumed:

V(md,nd) = Vyelkzande=imé,
V(md,nd) = |:V26—jk;and 4 Vgeﬂ"“zand} -ime
0 < z < hd (region B)
hd < z < Id (region C)
V(md,nd) = Vge—ik=a(n=Ddg=ime
z > ld (region D). ®

z < 0(regionA)
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The voltage coefficients of the incident waves (Va, Vi, V5) and
those of the reflected waves Vi, V3, Vi are given by the fol-
lowing expressions:

Vi=WVa+ V3
IOZZa
V2=—2

%G—ij;ahd []_‘*1 + ]_‘*26—2jkzc (l—h)d]

Vi = [1 T ]_—wl]_-w2672jkzc(lfh)d:|

‘/QTlefjk;ahd
V= .

1 +F1F26_2]k”(1_h)d
Ve VQFQTle_jk”hd
o ]_"1]_"2 + 62jk:(‘(l_}b)d
Vo The—k=ahd

Vo = T ©

Cjk”(l—h)d + 1‘*11‘*26—jkzc(l7h)d .

The expressions I'; and I'y are essentially the reflection coef-
ficients initially seen by an incident voltage wave at the first
and second interfaces, respectively, while 77 and 15 are the
corresponding transmission coefficients. They are given by the
following expressions:

Z’/c - Zza
b= 2.,
Zz - ch
2= Zzz 1 7.
2ch
h=7. vz
= (10)

By setting kpod = kped = kiqd = &, the wavenumbers &,
and k., are found using dispersion relation 1, and k... is found
using dispersion relation 4, shownin (11) and (12) at the bottom
of this page. For propagating waves, the signs (+ or —) of these
wavenumbers are chosen such that the z-directed Bloch imped-
ances (Z.q, Z e, Z.q) IN (9) and (10) are positive quantities.

The z-directed terminal currents I (md, nd) generated by the
current array excitation can also be evaluated in the four regions
by dividing the voltage expressions of (8) by the »-directed
Bloch impedances of the corresponding media

Vi ; :
I(md, nd) = == ¢/k=endg—imé z < 0 (regionA)
Ve . Vs .
I{md,nd) = [Z—jae_]kw"d — Z—jae]k”"d} emIme
0 < z < hd (region B)

I(md’ nd) = [Ee—jk”(n—h)d — Eejkzc'(n_h)d} e_j"lf’

ze ze

hd < z < ld (region C)
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I{md,nd) = &efjkzd(nfl)defjn&"
zd

z > ld (region D). (13)

In the particular case of the “perfect lens,” Z., = Z.. =
Zgadk,, = k.. = —k.q for propagating waves. Under
these conditions, there are no reflections at the two interfaces,
therefore, I'y = I's = 0 and 77 = 75 = 1. Thisimplies
that the reflected waves V3 = V5 = 0. For evanescent waves,
Lo = Lo = ZLgand k., = k.. = k.q. Asaresult, 'y =
I's = 0,77,75 become infiniteand V3 = V; = 0. For the
“perfect lens,” (8) simplifiesto

1,20 i s .
V(md,nd) = Tef"w"de Jm& 2 < 0(regionA)

1.2 _
V(md,nd) = T"e

0 < z < hd (region B)

Jk;ande—ﬁnf’

V(md,nd) = %ejkm(n—%)de_jmf’
hd < z < ld (region C)

V(md, nd) = % e Ikza (n72(lfh))d67jmf 7

z > 1ld (region D). (14
The voltage expression for region C (14) shows that the
source—plane voltage (voltage along » = 0) is recovered at
z = 2hd (n = 2h). This corresponds to the location of the in-
ternal focal plane of the dual-TL lens. Equivalently, the voltage
expression for region D (14) indicates that the source—plane
voltage is again recovered at z = 2(I — h)d (n = 2] — 2h),
corresponding to the location of the external focal plane.

A. Phase Compensation of Propagating Waves

Equation (14) has assumed that there is perfect impedance
matching and that an exact relative refractive index of —1 ex-
ists between the TL mesh and dual-TL structure. In Fig. 6, the
phases of the terminal voltages in all four regions (A-D) are
shown for the flat-lens system of Fig. 5 made of the TL mesh
and dual-TL structure defined in Table I. In these calculations,
the amplitude of the current sources is set to 34.5 mA so that
the voltage amplitude |V2| = 1 V a z = 0. The progressive
phase shift of the current sources is set to £ = 0.17455 rad.
According to (7), this progressive phase shift £ excites a plane
wave in Region B incident at an angle of ¢, = 7 /6 rad. Asin
Fig. 5, thevalues h = 2 and [ = 6 are used in the computation.
The voltage phase progression in Fig. 6 clearly showsthe nega-
tive refraction of a propagating plane wave incident at /6 rad.
As anticipated, the phase of theincident plane wave (z = 0) is
restored along the internal (z = 2hd = 4d) and external focal
plane (z = 2(I — h)d = 8d). Therefore, the lens acts as a phase

Ziig} = 2sin~! <\/2 sin? <%) — sin? <§)>

(11)

st [ [asin(21) 1 e P
k..d = 2sin <\/2 2sin 5 ZOwC’COS

)] [pen(%) - (3] - ()

(12)
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Fig.6. VoltagephasesinregionsA-D for apropagating plane-wave excitation.

compensator for propagating plane waves, as would a conven-
tiona lens.

B. Growth and Restoration of Evanescent \Waves

Next, a progressive phase shift ¢ exceeding k,d is consid-
ered. This implies that the transverse wavenumber k., = £/d
exceedstheintrinsic wavenumber &, inregions A and B. There-
fore, the array of current sources excites an evanescent wave. In
other words, the z-directed wavenumber takes the form k.., =
—ja. The voltage expression for region C in (14), therefore,
becomes

1,720 opn— —y
V(md,nd) _ 5 ea(n Qh)de jnlf’

hd < z < ld (region C). (15)
Equation (15) indicates a growing evanescent wave within the
dual-TL lens, as was predicted by Pendry [2] for an NRI lens.
In the same manner, it can also be shown that the voltages in
regions A, B, and D are decaying waves. Fig. 7 plots the mag-
nitude of the terminal voltages for a current array excitation
with progressive phase shift £ = 0.4161 rad. The TL mesh
and dual-TL structure defined in Table | are used once again
inthiscalculation. According to (1), this¢ correspondsto ad =
0.2231 Np. The current amplitude is set to I, = 25.3 mA in
order to yield a voltage amplitude of |V,| = 1V a z = 0.
As anticipated, the voltage plot indicates a growing evanescent
wave within the dual-TL lens (region C) and decaying evanes-
cent wavesin the TL mesh regions (A, B, and D). Thisisin di-
rect agreement with the previously reported microwave circuit
simulations results of [14]. Along the internal (z = 2hd = 4d)
and external (z = 2(I — h)d = 8d) focal planes, the amplitude
of the source evanescent wave (z = 0) is restored. Therefore,
unlike a conventional curved lens, the dual-TL lensrestoresthe
amplitude of evanescent waves, which isaunique characteristic
of Pendry’s “perfect lens.”

IV. SUB-DIFFRACTION IMAGING OF AN ELEMENTARY CURRENT
SOURCE: GREEN'S FUNCTIONS DERIVATION

In the previous section, voltage and current solutions were
derived for a current array excitation. Here, a transformation
known as “analytical array scanning” [17], [18] is applied to
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Fig. 7. Voltage magnitudesin regions A—D for an evanescent wave excitation.

these solutions to find the Green’ s functions or voltage and cur-
rent solutions due to a single ¢-directed current source. The ter-
minal voltages in al four regions (A-D) of the dual-TL lens
caused by a single current source excitation at the origin can
be found by integrating the voltage solutions of (8) between
—m < ¢ < 7 asfollows:

V'(md, nd)
_ % / " Vidkendemint ge L <0
V'(md, nd)_7T
_ % " [VQe—jk;and n Vgejk;and}e—jmf it
0<2<hd
V'(md, nd)
_ 2i " [mc—jk”m—h)d L Cjkm(n—md} e e,
;rld <z<Lld
V'(md, nd)

1 [" ; j
_ - / VGG_]kzd(n—l)de—Jmf de, z > 1d. (16)
T

The integration in (16) represents a superposition of phased
current-array solutions spanning the entire phase space —n <
¢ < w. Thisintegration cancels out all the current sources in
the infinite array along z = 0, except for the one located at
« = 0, which has a zero phase angle. The cancellation of cur-
rent sources occurs due to the simple fact that

Y 1 g=0
il IO oy — )
2 | v {07 q#0.

Given the conditions of perfect focusing, the source plane
voltages at z = 0 are imaged exactly to theinternal (z = 2hd)

(17)
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-— source plane

o external focal plane
- - - diffraction-limited image 1 v
\ == diffraction-limited image 2 V)

S0 -5 0 5 10
x coordinate (cell number, m)

Fig. 8. Voltage magnitudes at the source plane (n = 0) and externa focal
plane (n = 8).

and external focal planes (= = 2(I — h)d). Using (16), the volt-
ages at the source plane and both the internal and external focal
planes are

I, [T

:E -

!

Zo(€)e™ImE de. (18)

In (18), it is important to remember that the Bloch impedance
Z .o [given by (3)] is a function of ¢ due to the fact that &_,
and ¢ are related through dispersion (11). The terminal voltage
magnitudes at the source and external focal plane are shown in
Fig. 8 for the flat lens system depicted in Fig. 5. These volt-
ages are computed using (16) for the TL mesh and dual-TL
structure defined in Table I. In the computation, the magnitude
of the current source was set to 14.6 mA in order to yield a
voltage magnitude of 1 V at the source. As shown in Fig. 5,
the terminal voltages along the external focal plane are iden-
tical to those at the source plane. The standard diffraction-lim-
ited image (diffraction limited image 1) is also shown in Fig. 8
for comparative purposes. It isobtained by inverse Fourier trans-
forming the propagating spectrum of the source in a continuous
medium [23] with the identical effective material parameters.
Due to the close proximity of the source and image, a second
diffraction-limited image (diffraction-limited image 2) has also
been shown in Fig. 8, which takes into account the attenuated
evanescent waves that reach the external focal plane. For this
|atter diffraction-limited image, the propagating Fourier com-
ponents emanating from the source are focused, whereas the
evanescent components are not neglected, but rather assumed to
exponentially decay from source to image with attenuation fac-
tors corresponding to arelative refractiveindex of n = +1. The
image obtained withthedual-TL lensclearly showsfiner resolu-
tion than both diffraction-limited images. Therefore, this prac-
tical microwave lens using TLs acts as a “superlens’ alowing
imaging beyond the diffraction limit.

Equation (18) may aso be used to determine the input
impedance to the network. It can be found by setting . = 0 and
dividing the result by 7,. In general, the terminal impedance at
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Fig. 9. Voltage magnitude distribution for the three-region TL lens.

an arbitrary point (z, ) = (md, nd) can befound by evaluating
V'(md,nd) and I'(md,nd) and computing their ratio. The
current I’(md, nd) istheterminal current at (x, 2) = (md, nd)
dueto the current source excitation at the origin. It can be found
by integrating (13) between —7w < € < 7.

To gain a better understanding of sub-diffraction imaging, it
isuseful to observethe entire voltage solution. Fig. 9 depictsthe
voltage magnitudes (in decibels) at the terminals of al the unit
cellsinthe entire structure, computed by solving theintegralsin
(16). Most notably, high-voltage amplitudes are apparent near
the second interface (n = 6) due to the growing evanescent
waves in the dual-TL structure. In addition, the voltage ampli-
tudesfar from the central row (m = 0) formthreedistinct cylin-
drical waves with phase centers that clearly identify the source
[, m] = [0, 0], theinternal focus [n,m] = [4,0] inthe dual-TL
structure (NRI medium), and the external focus [n,m] = [8, 0]
in the TL mesh (PRI medium), as designated in Fig. 2. The
voltage magnitude distribution of Fig. 9, which was obtained
here analytically, is corroborated by the microwave-circuit sim-
ulations presented in [24]. The focusing results utilizing the
three-region dua-TL lens presented in this paper are dramati-
cally different from those previously observed in thetwo- region
dual-TL lenses of [11] and [21]. Unlike in the previous two-
region lenses, the focusing reported here is dominated by the
growth of evanescent waves and clearly shows sub-diffraction
resolution.

V. EFFECT OF PERIODICITY ON IMAGE RESOLUTION AND THE
MAXIMUM AMPLITUDE OF THE EVANESCENT WAVES

The voltage solutions of (16) indicate that the periodicity of
the PRI and NRI mediaimpose aresolution limit. The maximum
resolution (A) at the focal plane of alensis[2]

A= 27

(19)

klll ax

where k. 1S the maximum transverse (x-directed) propaga-
tion constant. According to the integration limits of (19), the
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maximum x-directed wavenumber is k., = £/d = w/d. This
yields a maximum resolution limit of

2

A= ~ 2d.

— (20)

Therefore, a resolution of A/10 would require a periodicity
of at least d = A\/20. Thisisin agreement with the resolution
enhancement calculations derived in [25]. For the lens system
shown in Fig. 5, kmax islimited right at the source point. This
occurs because, in addition to the lens being periodic, the PRI
medium (TL mesh), in which the current source is embedded,
is also periodic. This explains why there is no apparent loss
in resolution at the focal planesin (18). On the other hand, if
the source were in a continuous medium, the resolution would
only be limited by the periodicity of the NRI lens. In this case,
“perfect” imaging could not be achieved, but sub-diffraction
imaging would still be possible. Other physical constraints
such as losses and mismatches due to manufacturing tolerances
would also haveto be accounted for in any practical lens system
[11], [20], [25].

Itisimportant to realize that k.., inturn placesalimit on «,
the “amplification” factor of the evanescent waves [see (15)].
This limitation on « prevents the voltages and currents from
growing to unphysically large values at the second interface of a
practical lens having finite thickness (Id — hd), an objection to
the“ perfect lens’ raised in [26]. In fact, the periodicity provides
a natural mechanism by which the amplitudes of the evanes-
cent waves are limited. The finer the periodicity, the larger the
maximum amplitude of the growing evanescent waves and the
higher the resolution.

V1. CONCLUSION

The negative refraction of propagating waves and the growth
of evanescent waves were shown analytically for an NRI
lens implemented using a loaded-TL periodic structure: the
dua-TL structure. These homogeneous and inhomogeneous
plane-wave-type sol utions were then combined using the “array
scanning method” to analytically demonstrate sub-diffraction
focusing by the dual-TL lens. This entailed determining the
2-D periodic Green’s functions of the system corresponding to
the voltages and currents (at the unit cell terminals) generated
by a single vertical elementary current source. In addition
to showing that the voltage distribution at the external focal
plane is identical to that at the source plane, 2-D plots of
the entire voltage solution have been included, which aid
in understanding the nature of sub-diffraction imaging. The
analysis also revealed that a resolution limit is imposed by the
periodicity of areal NRI lens. Finaly, it was shown that the
periodicity of the lens bounds the amplitude of the growing
evanescent waves in a realizable NRI lens of finite thickness.
As aresult, the evanescent waves do not grow to unphysically
large values.
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